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Abstract. It is shown that a category-theoretic definition of chaotic system applies not only to the Smale horseshoe, a
prototypical example, but also to Conway'’s “Life.” Symbolic dynamics of the “Dining Philosophers” relational system is
computed. A category composed of stochastic matrices is defined and its elementary properties are studied. A categorical
variant of symbolic dynamics is applied to a finite stochastic process. Using point-wise Kan extension formulas, conditions
ensuring existence of certain representations between categories of dynamic systems are proved.

Keywords. category theory; symbolic dynamics; chaos; discrete time systems; cellular automaton

1. INTRODUCTION

In 1900 David Hilbert posed, with optimism for the future of his science, twenty-three problems which still challenge
mathematicians. The sixth involves a mathematical treatment of the axioms of physics and was influenced by his
success in geometry. Contributing to the solution of this problem, Walter Noll laid down axioms in 1958 for a general
theory describing materials which make up natural bodies and had revised this work by 1972 [15]. Lawvere’s 1967
lectures (published in 1979 [7]) outlined his “program to (3) axiomatize the foundations of continuum mechanics in
the spirit of Walter Noll on the basis of (2) a direct axiomatization of the essence of differential topology using results
and methods of the French work in algebraic geometryhis requires (1) axiomatic study of categories of smooth
sets, similar to the toposes of Grothendieck, since the most natural form of (2) is incompatible with usual set theory.”

This paper is intended to contribute to a program of developing general concepts and methods for the modeling and
solution of scientific problems. The language of category theory is employed because it facilitates precise comparisons
between diverse types of structures. Characterizing idioms occurring across classifications of dynamic systems may
be useful in relating distinct models of fluid flows, such as kinetic and continuum descriptions [16].

Lambek and Scott [6] emphasize six succinct, categorical slogans in their logical treatise and attribute most of
these to Lawvere. In [8] and [9], Lawvere reveals that the slogans also pertain to investigations of dynamic systems.
Such structures changing over time often occur as objects of functor categories and may be classified according to
the manner in which time advances and the nature of the state spaces and transition rules. For dimamoid
object of GM is an autonomous system having time-independent state space of type determined by the €ategory
An object of@” with P an ordered set may have variable state spaces and transition rules. Periodic points, orbits, and
symbolic dynamics are important concepts arising as adjoints to simple functors. This work presents applications of
such categorical constructions to some well-known dynamic systems.

2. PRELIMINARIES

The foundations in [11] are employed. The adjec8weall describes: a set which is a member of the fixed universe
U; a category which has a small set of morphisms; a functor mapping one small category into agjoamet{J}
respectively denote the sets of objects and morphisms of a small catggeupctors which are full, embeddings, and
faithful [3] are respectively displayed by——>, —— , and i——= . Amorphism —— is a monomorphism
while ——> is an epimorphism. All diagrams are commutative unless indicated othefis€0, 1, ...} is the set

of natural numbers anB* denotes the nonnegative reals. A category adsanfunctorX : § — € with J small. For



fixed €, a small functoF : J — g’ induces a representati@ : ¥ — @7 between categories of actions Wa— XoF
andt — 7-idg where- is horizontal composition of natural transformations. Left and right adjoints to such functors
are respectively denoted Laand Rap [11]. Small functors arising in the context of dynamic systems include:

n !
jal—> g ——1
with 5 inclusion,J a monoid or ordered set as special cases, and with 1 a one-morphism category;

(N, <) — (N, 0, +) — ™= (Ny, 0, +)

(R+7 S) W(RJF, 07 +) T> (R)J(r7 07 +)
with 1 and’ inclusions,é andé’ differencesi(x, y) — y—X; ti, projection onto the positive integers mog, andiy
also a projection. These induce representations:
e T3
e\3| <~ I <—2¢

with Ty = C'oAand withA: C — Gl an isomorphism; and

o9 <& oM,04) <& o(Nw,0,4)

eR",<) -~ ER",0,4+) <—— E(R.0,+)
(‘38 G.X
Lawvere and others interpret these and their adjoints [1], [8]-[{0§onstructs a system with trivial dynamics from a
spaceC™ transforms a dynamic system into a mgleindexed set of space& 1o €™ gives the underlying space of
a monoid action and is also denoted @ith  the loneM-object.C andC* both place periodic systems in contexts
of non-periodic ones whil&® and@?’ assert that autonomous systems are special non-autonomous ones. ABplying
or € is the process of observing a continuous-time system at discrete intervals.

3. EXISTENCE OF ADJOINTS

Adjoints to these representations yield important concepts [1], [8]-[10].

Theorem 1: A right adjoint exists:

i. for Ty iff € admitsg-limits;

ii. for €M if € has products indexed by nonempty subse{s bf

iii. for €% and@™ if @ has equalizers and countable products;

iv. for ¥ et e, andC if € has equalizers anfl-products wheré]l = 250 is the cardinality ofR;
A left adjoint exists:

i.° for Ty iff € admitsg-colimits;

ii.° for €M if € has coproducts indexed by nonempty subse{d pf

iii. ° for @3 and ™ if @ has coequalizers and countable coproducts;

iv.o for €%, €t, €, and ¥ if € has coequalizers and-coproducts.

Proof: i)° is Theorem 1 from page 248 of [11]. In general, a limit (co- limit) formula for right (left) Kan extensions
[11], characterization of the appropriate comma categories [18], and the fact that limits (colimits) are constructed
from equalizers and products (coequalizers and coproducts) yield each 88sultor example, has a right adjoint

if a right Kan extension along exists for eachY : |J| — C. GivenY, this extension exists i€ admits a limit of

Jl na—p>|3|L€ for eachd € ||, whereJ | n5 is the category of arrows frothto n; andp is the projectiond | iy,

however, is discrete: its objects are thenorphisms with domaid. .



For a monoidM, right and left adjoints ofy respectively give fixed points and orbits [1], [8]. Rgnmaps the iterator

X : (N,0,+) — Setshown below <<> fQ\ // q
o \@JL 46 o LTS g E T
N [
1o Y o

to {o, <} while a left adjoint gives the s¢D, o, ®, <, o}. Applying a left adjoint ofT : Set— Set® %) to the flow
onR induced byx= ax (1— %) also produces a five-point set. Ramaps(N, 0, +) — Setto its periodn part while
Lan, forces such a system into a perinanrold by “collapsing states” [8]. Rapand Lan,, for example, respectively

map the iteratoX to O] and ®
a [
\J Y

© 120 (e © <) °)

4. SYMBOLIC DYNAMICS AND CHAOS

Intuitively, a dynamic system is chaotic if continued observations do not aid in predicting its behavior. Precise
definitions traditionally involve topology in an essential way through denseness of an orbit or topological transitivity
[17]. Definitions in this section are due to Lawvere [8]-[10]. A measurerard dynamic syste{ : J — Cis a
natural transformatiop : Xong — Y for someY : || — C. ¢ assigns a morphismy : X(J) — Y(J) on the spacX(J)

at each ‘time’J € |J|. Being an arrow fron€"s to'Y, it induces a representation between dynamic systems whenever
C73 has a right adjoint,

Sym : €9l — e7.
This construction enjoys the universal property expressed by
Y
T \
ey
X o> Symy (Y) Symy(Y) oz Xo
¢ [0} -|dn3

with £ the counit andp’ the unique, induced arrow. Such a right adjoint deserves the samigolic dynamickecause,
if @ = SetandJ is the monoid N, 0, +) then

Symy (Y) (x) = YN, [Symy (Y)(1)](v) =voo, and ev(v) = v(0)
whereo : N — N is successor. Moreover,
Symy (K)«(v) = kov and @.(x)(n) = 9(X(N)(x)) = ¢(X(1)"(x))

for k € Set(Y,Y’), x € X(x), andn € N. For any€ having (some choice of) countable products, ${)(+) = [n Y
andey is the projectionr, while Symy(Y)(1) andg; are respectively the unique morphisms for which

Y and Y
s )
MY —TTR MY X(*) p MnY

forallne N. If €=Top, [xY has the compact-open topology witha discrete space. Rel, the category composed
of [3] binary relations, products and coproducts coincide, changing the nature of symbolic dynamics. Let cegegories
andC be such tha€™ : @9 — ¢l has a right adjoint, Sym A measuremenp : Xong — Y onX: g — Cis chaotic



if Y is not a terminator and the induced: X — Symy(Y) is an epimorphism. This property ofeasurementgives
the property okystemsA dynamic systenX : J — € is chaoticif it has a subobjecK’ — X on which there exists a
chaotic measuremeMf ong — Y.

5. HORSESHOE MAPS

Motivated by problems in ordinary differential equations, Smale showed in 1963 that most diffeomorphisms of a
manifold having dimension greater than one possess infinitely many periodic points and a richly-structured invariant
set [12]. The horseshoe maps described below, for example, have such properties. They are the prototypical examples
of chaotic systems [17]. For each péirg) of parameters with & t < % and 0< g< % ,letD: (N,0,+) — Top have

D(*) = {(Xy)€R2|O<X<1 % y<2}

equipped with the subspace topology. Defin@) : D(x) — D(x) by

(tx, y) ify<0;

(tx, 6y) ifo<y<g;
D(1)(xy) = <%(1 =21x) cos(”ﬁ—}?) , 14+ () sin(”l(yzg))) ifg<y<1l-g;

(1 tX, é(l y)) ifl-g<y<1;

(1-tx,1—y) if y>1.

The figure below illustrates this action.

15 15
F m
1 E
J D(1)
C B E
B
O I I
A A F

Fix any positive integen. That(lHn, 1+g”) has an orbit of period suggests the complexity of repeated foldings.

Theorem 2 A horseshoe map is chaotic in the categorical sense.
Proof: The proof delivers the forward part of the invariant set in [17] and is a rearrangement of that argument into a

categorical mold. It uses Chr P
< 1
discrete
Top™.0.+) o Top't 5 Set
indiscrete
a < 1
Sym |

where left adjoints appear above their right adjoints and commutativity is not asseessigns power set topologies
to sets while the topology dr{Y) is {¢, Y}. It is sufficient to find a chaotic measureméjt) — P(2) on a subobject
Aof Dwith 2= {0,1}. LetS= {0,1,r} and defing : U(D(x)) — Sbhy

0 ifx<1/2and0<y<1;
o (X,Y) 1 ifx>1/2and0<y<1;
r otherwise



N,0,+

Top™-0+) Top Set
Column headings above indicate categories in which the structures below live:
D D(+) U(D(+))
for example. The function
U(D(x))-2s

induces a continuous map

D(x) — (S
by right adjointness. This induces
D — Sym(I(S)
again by right adjointness. Injective functions are monomorphismisprso

P(2)

D(x) ——=1(9)

gives a subobject. Right adjoints preserve limits, hence
Sym(P(2))

I

D —— Sym(I(9))
is a subobject. Sinceop™:%+) is complete, there is a pullback
A=~ Sym(P(2))

|

D — Sym(I(S)).
Evaluation is a right adjoint so it preserves this pullback:
A(x) —=P(2)N
I . I
D(*) — | (S)N

Commutativity of this last diagram is the assertion tha a subobject oD remaining in the unit square for all time.
Pullback asserts that it is the maximal suph: A — Sym(P(2)) is induced by ey Sym andp = evy o ¢, with ey
sequence-evaluationat= 0. The following lemmas establish surjectivity @f. Fix € satisfyingt < € < 1/2. For real
numbersu andv defineay v = {(X,y) |0 <x<e,u<y<v} and Buv={(Xy)|1l—-e<x<1, u<y<v}
For finite binary sequences, x1, ..., X, define set¥4; x, ... x, by Vo = 00,1 andVy = ffg 1 forn=0 andVXO X1, =
Vi, ND(1) "1 (Vyy, . x,) fOrn>1.

Lemma 1. The equalities below hold whenev&K u <v < 1.
VonD(1)*(ow,v) = ogugy ViND(1) Hauv) = Bgugy
VonD(1) " (Buv) = e1-gui-gu ViND(1) " (Buv) = Br-gu1-gu
Proof: D(1)(x,y) = (f(x, y), h(x,y)) implies

D(1)*(ouy) {xy) ID(D)(x,y) € auv}
= {(xy) |0<f(xy)<e,u<h(xy)<v}
= {(xy)|0<y<g,0<f(xy) <eu<h(xy) <v}
= {(xy)|0<y<g,0<tx<eu<y/g<v}
= {(xy)[0<y<g,gu<y<gv}
= {(xy)lgu<y<gv}



andVoND(1) Y(awv) = {(x,y) | 0<x < &, gu<y < gV} = gy gv- Proofs of the remaining equalities are similar.
1

Lemma 2 For each finite binary sequence,xq, ..., Xn, there are numbers u and v with< u < v < 1 such that

VXO’Xl’m" ﬁu v |f XO == 1

It follows that \f, x,, .. x, IS compact and nonempty.

Proof: Use induction on binary sequence length. ot 0, Vo = o1 andVq = g 1 by definition. Assume that
on x,...x, nas the form descrlbed for any binary SEQUEREEXY, ..., Xn with n < N. Givenxg, X, ..., Xn+1, the
AAAAA Xng1 — Ouyv OF

Vi = Bu,v- Inthe former casély, x;,....xs = Vo "D(1)~ (au v) and mthe Iatte\r/xO Xp,xn = Vo ND(1)~ 1([3u,v).

yee XNHL T
By Lemma 1, these imply existence of numberandv satisfying 0< U <V < 1 for WhlchVXO Xiso X1 = Oy v OF
on,xl,...,xNH ﬁu/,v’ |

Lemma 3: Points of \, x,.... x, realize the measurements sequense . . ., X,. That is:(X,y) € Vi, x,,....x, implies

?(X,Y) = Xo, poD(1)(xy) =X, @ oD(n)(X,y) = Xn.

Proof: Use induction on binary sequence length. oe 0: (x,y) € Vp implies ¢(x,y) = 0; (x,y) € Vi implies
o(xy) = 1. Assume that, x, ...x, has the property described for any binary sequeqcey, ..., X, with n < N.
(%,Y) € Vig e, s = Voo ND(1) 7 (Vay, . xua ) iMPliES (X, y) € Vi, SOQ(X,Y) = Xo. Since

D(D)Mo.xg.one1) = D(l)<onﬁD(l)‘l(Vxl,.“.xNH)) C  D(1)(Vo) ND(L) (D) (Vi)

C D(l)(VXo) mvxl,.i.,xNH C VX1,...,XN+1 )

(X,Y) € Vxgxa.... xn01 IMplies thatD(1)(x,y) inducesxy, ..., Xn+1, hence(x,y) inducesxg, Xq, ..., XN+ 1.
Lemma 4 xg, X1, X2, ... & binary sequence implies
Vg 2 Vig.xq D Vg 2

a descending chain of nonempty, compact subspaceé«9f D

Proof: Each set is compact and nonempty by Lemma 2. Induction on binary sequence length justifies the containment
claim. Vyg x, = Vi ND(1) (Vg ). Assume that

on,xl,....,xn = on.xl,...,xn,l N (D(l)il)n(vxn)

for any binary sequeno®, X, ..., X, with n < N. Then

Vigsa oo = Vo ND(L) (M, xin) Vi, ND(1)7 1 (Vxl,....,xN N (D(l)l)N(VXNH))

VXO N D(1)71<VX11~~,XN) N (D(l)il)NJrl(VXNH) = VXO~X1~,~~~~,XN N (D(1)71>N+1(VXN+1)-

Lemma 5: There is a functiony : 2 — U (D(x)) for which 9N 4. oN

O
U(D(x) —= &,

Proof: For xg, X1, ..., sets in the sequenceV,, D Vi, x, D --- are compact, nonempty subsetsDyf«) C R? by
Lemma 4 soN_g Vx,,....x, IS compact and nonempty as well. The axiom of choice implies existenge of



Lemma 6;: A——>Syn{P(2)) is an epimorphism.

Proof: A(x) — P(2)N a pullback inTop implies U (A(x)) — 2N a pullback. Lemma 5 and the definition of

. .

D(x) — (9N UD(x)) — &N
pullback imply existence of a uniqué'2- U (A(x)) for which: 9N

6. “LIFE”

John H. Conway’s game “Life” is a simple model of birth, death, and emergence in living systems [4]. P&iAts of
arecellswhich may be eithelive or dead States of all cells give a functioh: Z? — 2 with

1 if(xy)islive;
f(xy) = { 0 if (x,y) is dead.

Figures such as
ooooo
oomgog
omOoog
oomod
ooooo

with B live andd dead, depict collections of cells which evolve simultaneously and in discrete time intervals: if

5
3

7
4
0 2

RO o

denotes a cell and its eight neighbors drisithe number of live adjacent cells then

the current state of if £/ =2;
the subsequent state of cel=< 1 if £=3;
0 otherwise.

Sequences of figures

aoood aoood oogdo
aoomod aoood aoogogoo
Umoog m) | aogdo
aomog aoood aooogo
ooood aooog aoogo

illustrate evolution of a few cells. glider is a useful structure which evolves through four shapes during its motion:

ooood pooog gooog goood goood
aomog pomofg gomog oo ooood
ECOROO oOommEQg ooomg ) _jm) Ju| goomgd
) | JEE Ommg ONEN] Ogommtl Omomg
ooood poood ooood oomOg oommgd

“Life” is a functor L : (N, 0,+) — Setwith L(x) the set of function§Z?, 2]. Its evolution rule determines a formula for
L(1) : [z2,2] — [Z2,2] and was designed to make the population behavior unpredictable.



Theorem 3 “Life” is chaotic.

Proof: It is sufficient to show that there is a measuremgn{Z?, 2] — 2 for which the induced, : [z2,2] — 2V is a
surjection. Fon € N,
Ri={(xy) € Z%|10n—x <y < 10(n+1) —x}

is astrip. The pointz, = (10n+1, 1) of R, is special The figure

OO

OoonO
oood
Ooooono
—OoOooOodd
O+ O00O0o0
s DO0O0000d
w OOOOdd
» 000000
OooOoono

5
. A live special cell is indicated by. Motion of a glider

Q.H

shows part of the strify with the special celky denote
through a strip

| \ \
uogoodagood pooooooodg pgogoooooodo
oooomooood ooooomOoood Oooooooooobod
uodommgood poooomogdo goomomoggg
gommepoggon gommemoggon uoommtpodg
OO~ oooogood Oo-o0oOoooogod e pgooogg
uoooooodon poboooooood oooOobooanog
| | |
| \ \
oooooaoood Doooooooao oooooooodo
gaogoooaod uoogoooaod ugooooooDd
ooooomgooOod oDooomOOogoo ooooomogoOog
gomomoogon gooommegon goooomogdg
HIEEY HEEEIEE e mJuoggg . mmogg
uoooooodon uoogoooood uoooboooanog
| | |
\ \ |
pgagogodaoodd uooooooood uooooooaoo
udoooaooonod pogoooodaod gogooooodbg
ooooooooodg ooobgoOogooad ooooooooono
ooomOomROOgdn DoooomOodon. oooomooood
Ot~ mmgoogg .My oo~odmmoogg
oomOO0OoOoOoon. ODOommO0O0obod OoommepoooOodo
| \ \

induces states---,0,1,1,1,1 0,1, 0, --- at the special cell and does not interfere with gliders passing through
special cells in other strips. Gliders may be positioned in groupings of adjacent strips to produce measurements
sequences of the form

0=1,0, 1=0,1,0,:- 2=0,0,1,0,---, etc.

Collections of such groupings produce arbitrary sequences. The measugeimdafined inductively using the special
cells in finite groupings of strips., is the number of strips in grouping Let

Lo=1, Ly =1, Lo =2, L3=3, Ly=3, and Lhn=1+Lpo2+Ln3+Lna+tLlns if n>5.

n—-1
Define stag = 0 and, forn > 1, let starg = Zﬁ Li . Givenn> 0 let
i=

Lh—1

Z) f(z(j+startn))‘| mod(2)

J:

on(f) = [



for f € [Z2,2]. Then
o(f) =max{en(f) [ne N}

defines a functiom : [Z2,2] — 2, parts of which are tabulated below.

n Ln on(f)

0 1 f(1,1)

1 1 f(11,1)

2 2 f(21,1)+ f(3L,1) mod2)

3 3 f(41,1)+f(51,1)+f(61,1) mod2)

4 3 f(71,1)+f(81,1)+f(91,1) mod2)

5 8 f(10L 1)+ (111 1) +---+f(17L 1) mod(2)
6 10 f(181, 1)+ f(191, 1) +---+f(271,1) mod(2).

A measurements sequenggxi, Xo, - - - is realized by an initial state constructed inductively as follows:

fill grouping n of strips with pattern= { g" dead cells i, = O:

if xp=1;
where the first five patterns are displayed in
|
5DDDDDDDDD gooooooogg
N oogoopooood . oooooooooo
0= Oooobooooano 1= ooompooooog
OO om-000oOood
oDoooooogo omooooogog
| \
\ \
ooooooooooooooobpooo
N ooooooooooooooomoodo
2= 0ob0oooooooogooomgoan
minEenininininininininky | (ninininin
pgooooooooooonoobooonoo
\ \
\ \ \
ODooooooooooooooooooogoooooooong
N Oooooooooooooooooooooooomooood
3= OO0oOoooogogoooRb0onooodoooomeogoog
OO.00000ooom- 000000000 BO00000
OooooooooooRofddoooooooDoooouo
\ \ |
| \ |
gooodoodooogougooooodoooooogood
. OooooooooooooooR0oooooooomboon
4= miminl Inininininininininninl Ininieininie) iul Inisieisis)
ol 00000dodd .m0 oC-.mpoogonog
ORD00O00000000000O0o0ooooooboogoad
\ \ |

and the patterns far > 5 are indicated by

A=n—_5n—4n—3n_2 ph-5 mod(4)

Nn=n—-5n—-4n—-3n-2 P[[(n_5>/4”

defined to mean that groupimgpf strips is filled with: a grouping df,,_s strips containing the pattem/—\S; followed
by a grouping ol,_4 strips containing the pattem- 4; followed by a grouping of,_3 strips containing the pattern
n— 3; followed by a grouping of,,_» strips containing the pattem-— 2; followed by a single strip with pattern

(n—5) mod(4)
Pln—5)/2]



where[[-]] is thefloor function ([1.3]] = 1, for example). Patterr% are shown below.

goooooobod gooooooogo
O0oOoooOoooOod OOooooooooo
doooomdOood godoomtdoOodano
PS= oomOmO0O000 P2 = oooOmmOOO™
mEl | InEinininin OoOmmeOOoOOoOoogd
OoO+«ooooogno O+« o0ooooodbD
OgoOoOooOogboond OdOooocoooood
O00O00oOoodgoon gooooooboo
gooobooooon gooooobooon
OgdooomtoOodan OgoooobooaoOodd
Pl= OOOCOEOO00O0 = OOOmOmROO000
OO0OmmmeOo0odg OdoOmmcOOOooOond
OO+« O00000o0dn OO« 0000000
OdOooooooodod OgoOoOooooobogd
and patterrP,{] is obtained by shiftinng up and to the left byn cells. The position of this last glider ifis chosen
so that it induces the measurements sequence-,®,1,1,1,1 0,1, 0, --- in its strip with the final 1 occurring at

time n. The other parts o mask the first four &in the computation of;( f). .

7. “DINING PHILOSOPHERS”

“Dining philosophers” refers to a simple, distributed, resource-allocation problem. A group of individuals is seated for
a meal at a round table. A chopstick is placed between each pair of diners who must eat according to the following
protocol: first pick up a chopstick with the right hand; next with the left; after eating, put down the right chopstick
first; finally the left. At each stage a diner may rest or wait while others are active. Two or more diners may act
simultaneously. The graph below left illustrates states and actions of a diner. A diner holding no chopsticks is in state
0. To eat, one must be in state 2.

/- /- .

A O

0—1 0
u/_ / \ _/u
o] Jo /ol S
3<=——F—-2 1 2
, -/d \ <
/) \ R, O,

States and transitions of a chopstick are shown above right. These two labeled graphs are from [13] where they are
1-cells in the bicategorppan(Graph). In that work, coordination between a chopstick and an adjacent diner is
modeled by composition of 1-cells and the entire system is a large, labeled graph. No nontrivial transitions are allowed
if each philosopher has a chopstick in his or her right hand. The challenge to the group is avoiding deadlock. A goal
of modeling such systems is characterizing behaviors of the aggregate using descriptions of components. A system of
two diners and two chopsticks has eight states.

o—e o __o [ ]

The protocol is the relation between states tabulated below. The state at the top of a column may transition to the state



labeling a row iff the row-column location is filled with the symbol

e—e o __0o e o o o e o e e e _o e o
o—e o o o
o _o o o
e o o o
e o o o
[ ) o o
e e o o
o __o o o
e o o o o o

“Dining philosophers” is a functoX : (N, 0,+) — Rel. X(x) is the set of admissible states aX(lL) : X (x) — X(x)
is the relation defined by the protocék, X') € X(1) iff the system may transition fromto X'. A system of two diners
may be equipped with a measuremerg Rel(X(x),{D,N}) indicating the condition of being in or out of deadlock.
Symbolic dynamics gives the sequence of sets of measurements accessible from each initial state:

0 1 2 3
= {N} {D,N} {D,N} {D,N}
o_4 {N} {D,N} {D,N} {D,N}
o {N} {N} {N} {D,N}
e {N} {N} {D,N}  {D,N}
e e {N}  {D,N}  {D,N}  {D,N}
S . {N} {N} {N} {D,N}
s {N} {N} {D,N}  {D,N}

{D} {D} {D} {D}

Itis a reIationX(*)ﬂ Mn{D,N} with Mn{D,N} = N x {D,N} as sets since products and coproducts coincide in
Rel. Of particular interest are states-e, « — s, and ¢ — e in which deadlock is imminent.

8. THE CATEGORY COMPOSED OF STOCHASTIC MATRICES

A real n x m matrix is stochastidf each entry is nonnegative and each column sum is 1. The cat&jbftyhas

positive integers as objects, stochastic matrices as morphisms, identity matrices as identity morphisms and matrix
multiplication as composition.

Theorem 4 StM has finite, nonempty coproducts.

Proof: The categoryMesy composed of transition kernels described in [5] and defined by Lawvere in an unpublished
manuscript (see also [2]) is the Kleisli category of a particular monalfles, the category of measurable spaces.

F U is the associated adjunction. Powersets and trivial algebras give the other adjunctions in

=)

—_— F
_—
Set<— Mes Mes.
-~
[ ——— U

Under the colimit-preserving functér o P, finite sets take images in a subcategorafsy which is isomorphic to
StM [18]. Unraveling formulas gives a coproduot — m+-n ~ n in StM with

|1 ifr=c 1 ifr=k+m
)L“c_{ 0 otherwise and r’k_{ 0 otherwise



fori<r<m+n,1<c<m,and 1<k<n.

Theorem 5 StM has finite, weak products. It does not admit all weak pullbacks.
Proof: 1 is a terminator [3]. For objectm andn,

M=<=——MN——NnN
T '

is a weak product with

ifr— _1
Moo= 1 'fr—[[c all+1 forl<r<mand1l<c<mn
’ 0 otherwise
1 ifc=rmodn)
!/
”r,c—{ 0 otherwise fori<r<nand1l<c<mn

where[[-]] denotes the floor function. Given

A B

M=<=—— MN———nN.
T v

a matrix(A, B) : p— mnfactoring through both projections has

(A Bre=A -0/l ) o Bor11).c

for 1<r <mnand 1< c< p. oy is they-cycle (12 --- y) (e.g.05(1) = 2, 62(1) = 3, ando(1) = 62(1) = 1).
This weak product construction is functorlaiM x StM — StM. Counterexamples establish non-uniqueness of the

factorizationp — mnin the weak product construction and tisiM does not have all weak pullbacks [18]. .

9. SYMBOLIC DYNAMICS OF A STOCHASTIC PROCESS

Peterson [14] introduces the following situation, and attributes it to Ehrenfests, to illustrate the Poincaré recurrence
theorem. Three marbles are placed in two bokeandB. Each minute, one marble is randomly selected and moved
from its current box to the other box. States of the system make up the set

{AAA AAB ABA BAA ABB BAB BBA BBB}
with ABBthe state having marble 1 in béxand the others iB. Assuming no bias in marble selection, each entry in

AAA AAB ABA BAA ABB BAB BBA BBB
AAA: 0 1/3 1/3 1)3 0 O 0 O
AAB: 13 0 0 O ¥3 1/3 0 O
ABA: 13 0 O 0 13 0 13 0
BAA: 1/3 0 0 O 0 ¥3 1/3 0
ABB: 0 1/3 1/3 0 0 0 0 ¥3
BAB: 0 1/3 0 13 0 0 0 ¥3
BBA: O O 13 1/3 0 0 0 ¥3
BBB: 0 O 0O O ¥3 1/3 1/3 0

gives the probability of a transition from the state labeling its column to the state labeling its row. A single transition

0,1
is a functorX from the posefP, = 0 LN 1 to StM with X(0) = X(1) = 8 andX(0, 1) given by the table above.

Measuring the number of marbles in b&xs the morphismp € StM(8, 4) tabulated atop the next page.



AAA AAB ABA BAA ABB BAB BBA BBB
0 0 0 0 0 0 0 1
0 0 0 0 1 1 1 0

0 1 1 1 0 0 0 0

1 0 0 0 0 0 0 0

Although StM has only weak products, not products, the Kan extension formula for symbolic dynamics of poset
actions (Theorem 1(ii)) may be followed to construct a morphism inducegt by

WNEFkO

(4,4)
(”’id)T (¢.9)
(88  ~(16%4) (16, 4) <o (8,8).
) [ Onj)z

Symbolic dynamics gives information about probabilities of measurements sequences. If the system were initially
in state AAB, for example. The likelihood of obtaining measurement 2 before transferring a marble, then measurement
1 after a transfer is the product of: the probability 1) that the initial measurement will be 2, the probability that the
measurement will be 1 if the system starts in state AAB and one marble is transferred. These likelihoods are listed
below and constitute a morphisgt induced by(¢, ¢).

AAA AAB ABA BAA ABB BAB BBA BBB

0: 0 0o O 0 Oo0 0 o0 1
10: 0 0 O 0 ¥ 13 1/3 0
12: 0 0 0 0 23 2/3 2/3 0
21: 0 23 2/3 223 0 0O 0 O
23: 0 13 1/3 13 0 O 0 O
32: 1. 0 0 O 0 0 ©0 ©

Each entry is the probability of obtaining the row-labeling measurements sequence when the system is initially in the

0,1 1,2 .
column-labeling state. Successive transitions give a functor ffgem 0 u> 1 ¥> 2 to StM. The inducedyp’

is shown in:
AAA AAB ABA BAA ABB BAB BBA BBB

010: 0 0 0 0 0 0 0o I3
012: 0 0 0 0 0 0 o »
101: 0 0 0 0 727 727 727 O
103: 0 0 0 0 227 227 227 0
121: 0 0 0 0 1427 1427 1427 0
123: 0 0 0 0 427 427 427 0
210: O 427 427 427 0 0 0
212: 0 1427 1427 1427 0 0 0 0
230: 0 227 2/27 227 0 0 0 0
232: 0 727 727 727 O 0 0 0
321: 23 0 0 0 0 0 0 0
323: 13 0 0 0 0 0 0 0

The entry with column label AAB and row label 230, however, is not the probability of obtaining measurements
sequence 2-3-0 for a system initially in state AAB. It is the product of: the probability that the initial measurement
will be 2 if the system starts in state AAB, the probability that the measurement will be 3 if the system starts in state
AAB and one marble is transferred, the probability that the measurement will be 0 if the system starts in state AAB
and two marbles are transfered. The measurements sequence 2-3-0 is impossible since only one marble is transferred
at a time. Actual likelihoods of measurements sequences are tabulated below. These values were not obtained from the



construction in Theorem 1(ii) modified for use with weak products.

AAA AAB ABA BAA ABB BAB BBA BBB

010: 0 O 0O O O 0 0 3
012: 0 0 0 O O 0 0 ®
120: ' 0 0 0 O 49 4/9 49 0
123: ' 0 0O 0O O 29 2/9 2/9 0
01: 0 0O 0 O ¥3 1/3 1/3 0
210 0 29 2/9 229 0 0 0 O
212: 0 49 49 49 0 O 0O O
232: 0 ¥3 1/3 13 0 0O 0 O
321: 223 0 0 O 0O 0 O0 ©
323: Y3 0 0 O 0O 0 0 ©
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